Effective theory and emergent $SU(2)$ symmetry in the flat bands of
  attractive Hubbard models by Tovmasyan, Murad et al.
Effective theory and emergent SU(2) symmetry in the flat bands of attractive
Hubbard models
Murad Tovmasyan,1 Sebastiano Peotta,2 Pa¨ivi To¨rma¨,2, ∗ and Sebastian D. Huber1, †
1Institute for Theoretical Physics, ETH Zurich, 8093 Zu¨rich, Switzerland
2COMP Centre of Excellence, Department of Applied Physics,
Aalto University School of Science, FI-00076 Aalto, Finland
In a partially filled flat Bloch band electrons do not have a well defined Fermi surface and hence
the low-energy theory is not a Fermi liquid. Neverethless, under the influence of an attractive inter-
action, a superconductor well described by the Bardeen-Cooper-Schrieffer (BCS) wave function can
arise. Here we study the low-energy effective Hamiltonian of a generic Hubbard model with a flat
band. We obtain an effective Hamiltonian for the flat band physics by eliminating higher lying bands
via perturbative Schrieffer-Wolff transformation. At first order in the interaction energy we recover
the usual procedure of projecting the interaction term onto the flat band Wannier functions. We
show that the BCS wave function is the exact ground state of the projected interaction Hamiltonian
and that the compressibility is diverging as a consequence of an emergent SU(2) symmetry. This
symmetry is broken by second order interband transitions resulting in a finite compressibility, which
we illustrate for a one-dimensional ladder with two perfectly flat bands. These results motivate a
further approximation leading to an effective ferromagnetic Heisenberg model. The gauge-invariant
result for the superfluid weight of a flat band can be obtained from the ferromagnetic Heisenberg
model only if the maximally localized Wannier functions in the Marzari-Vanderbilt sense are used.
Finally, we prove an important inequality D ≥ W2 between the Drude weight D and the wind-
ing number W, which guarantees ballistic transport for topologically nontrivial flat bands in one
dimension.
PACS numbers: 74.25.F-, 74.20.Fg, 74.20.-z, 67.85.Lm
I. INTRODUCTION
In quantum mechanics particles can localize due to the
destructive interference between different classical tra-
jectories. Such localization can result in the formation
of flat bands with a diverging effective mass, or equiva-
lently zero group velocity. Historically the first example
of this phenomenon is the formation of the Landau lev-
els of a particle in the presence of a uniform magnetic
field. While this localization is a purely single-particle
effect, the presence of a flat band can have a profound
impact on the physics of interacting many-body systems.
A prime example is the fractional quantum Hall effect.1
Beyond the physics in a strong magnetic field, flat, or
nearly-flat bands are a relatively common occurrence in
lattice Hamiltonians where they can be realized by engi-
neering suitable hopping matrix elements.2–12 Given the
vanishing group velocity, one could expect an electronic
flat band system to be a particularly bad conductor. This
is certainly true for the high-temperature phase. How-
ever, matters are less clear if a superconductor is formed
in such a flat band. Here, we investigate this scenario
with a special emphasis on the transport properties.
Why can we expect a superconductor to appear in a
flat band to begin with? Let us recall that the BCS
superconducting transition temperature scales as Tc ∝
exp(−1/UDF), where U is the interaction strength and
DF is the density of states at Fermi energy. Given that
DF diverges in a flat band system, we can indeed hope for
a strong superconducting instability on a flat band.13–17
This now raises questions regarding the superfluid prop-
erties of such a flat-band superconductor.
That superfluid transport can occur in the limit of
strictly flat bands has been known from the experiments
on the exciton condensate in Quantum Hall bilayers.18–20
However, it has been realized recently that even flat
bands that emerge from the geometry of the lattice can
sustain a large superfluid current in the presence of at-
tractive interactions. This occurs because in the flat band
limit the superfluid weight is controlled by a band struc-
ture quantity called the quantum metric which is distinct
from, but related to, the Chern number.21
Despite the recent progress in the study of many-body
states in the flat bands of lattice Hamiltonians, there are
still many open questions. For example, it has been found
in the case of bipartite lattices that the ground state in
the presence of an attractive Hubbard interaction is given
exactly by the BCS wave function.22 However, it is quite
unclear what are the properties of the normal state above
the superconducting transition.
By definition the normal state is not a Fermi liquid
since as the interaction is turned off the system becomes
an insulator for any filling of the flat band. Indeed, the
picture that the divergence of the effective mass implies
the absence of transport is true for a noninteracting sys-
tem.
Transport in a flat band is a consequence of either
interaction or disorder. It is therefore interesting to
characterize the properties both of the normal state and
of the superconducting state at nonzero temperature as
these can be accessed in current ultracold gas experi-
ments. Moreover, the situation where the superconduct-
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FIG. 1. (Color online) The Creutz ladder: The green box
indicates the i-th unit cell containing two orbitals depicted
by an empty and a full circle. The two sublattices are labeled
by α. The hopping amplitudes for the spin-↑ fermions are
given on corresponding links. The arrows indicate the sense of
the complex hoppings. The blue box indicates the maximally
localized Wannier function for the upper/lower (±) flat band;
the numbers correspond to the respective amplitudes which
are nonzero only for the sites inside the box.
ing ground state is well-known but the normal metal-
lic state is less understood is reminiscent of the one in
high-Tc superconductors, especially cuprates and iron-
pnictides, where the enigmatic pseudogap phase is be-
lieved to be important for unveiling the pairing mecha-
nism that gives rise to the superconducting phase. It may
be possible that idealized flat band models can provide
clues in this direction.
In this work we address the general problem of pro-
viding a reliable low-energy effective theory for the flat
band of a multiband lattice Hamiltonian in the presence
of an attractive Hubbard interaction. It is important to
consider a multiband Hamiltonian since in the case of
a single band Hamiltonian, i.e., a Hamiltonian defined
on a simple lattice, the only flat band that can be ob-
tained is trivial and corresponds to the limit where all
the sites are decoupled (atomic limit). Furthermore, in
the multiband case the flat band can have a wide variety
of properties encoded in suitable invariants constructed
from the Bloch/Wannier functions. An example is the
Chern number C, a topological invariant signaling, when
nonzero, that the flat band cannot be connected adia-
batically to the atomic limit (C = 0) or to a band with
different Chern number. Interestingly, even a topologi-
cally trivial flat band (C = 0) can have a nonzero quan-
tum metric and therefore host a superconducting state.21
The subject of multiband superconductivity has recently
become important with the discovery of materials such
as magnesium diboride and iron pnictides superconduc-
tors. Flat band superconductivity is an exotic example of
the rich variety of phenomena encountered in multiband
superconductivity.
The strategy of this work is to combine the result of
Ref. 21 for the superfluid weight of a flat band in terms of
the quantum metric with the general approach of Ref. 23
where flat bands are studied by projecting the interaction
Hamiltonian on the Wannier functions of the flat band.
This latter approach has the advantage of providing a
simple low-energy effective Hamiltonian which is often
accurate in predicting the properties of the ground state.
We are able to prove the useful result that, in the wide
class of Hubbard models considered here, the BCS wave
function is the exact ground state of the projected in-
teraction Hamiltonian under a simple condition on the
Wannier functions. Concomitantly, the compressibility
in the partially filled flat band is diverging. In fact we
show how both these properties are the manifestation of
an emerging SU(2) symmetry, which is due to the band
flatness.
Guided by these rigorous results, we are lead to ap-
proximate the projected interaction Hamiltonian by an
effective ferromagnetic Heisenberg model. The drawback
is that the Wannier functions are defined up to a unitary
transformation, and therefore any approximation per-
formed on the projected interaction Hamiltonian depends
on the specific choice of the Wannier functions. Using the
gauge invariant result of Ref. 21, we show that there is
a preferred choice for the Wannier functions, which coin-
cides with the maximally localized Wannier functions in
the Marzari-Vanderbilt sense.
As a concrete example of our general results, we con-
sider an Hubbard model defined on a one-dimensional
ladder, the Creutz ladder, which is graphically defined in
Fig. 1. The band structure of the Creutz ladder consists
of two perfectly flat bands. In the case of the attractive
Creutz-Hubbard model the resulting effective ferromag-
netic Heisenberg model takes the form of the integrable
XXX chain.
We find also that in order to account for a finite com-
pressibility it is necessary to include the effect of inter-
band transitions resulting in higher order terms in the
effective Hamiltonian. We provide an analytic result
for the compressibility up to second order in the ratio
U/Egap between interaction and band gap in the case of
the Creutz-Hubbard model. This result is tested against
Density Matrix Renormalization Group (DMRG) simu-
lations and we find an excellent agreement.
Finally, we prove an important bound D ≥ W2 be-
tween Drude weight D and the one-dimensional wind-
ing number, which extends the result for the superfluid
weight Ds ≥ |C| valid in two dimensions21. It is shown
using the Creutz-Hubbard model that the inequality is
in fact optimal.
The paper is organized as follows. In Section II we in-
troduce the model, the basic notations, and the pertur-
bative Schrieffer-Wolff (SW) transformation for a generic
Hubbard model. In Section III we derive the result that
the BCS wave function is exact in the isolated flat band
limit and provide the generators of the emergent SU(2)
symmetry. In Section IV we derive the ferromagnetic
Heisenberg model by dropping the pair-breaking terms in
the projected interaction Hamiltonian. We show that this
mapping is in fact exact for the Creutz-Hubbard model.
In Section V we discuss how the result of Ref. 21 for the
superfluid weight of a flat band can be recovered from the
Heisenberg model. This is done by introducing an over-
3lap functional for Wannier functions, whose relation with
the usual Marzari-Vanderbilt functional is analyzed in
detail. The proof of various results relating the two func-
tionals is detailed in Appendix A. In Section VI we derive
the second order corrections to the effective Hamiltonian
using the SW transformation in the case of the Creutz-
Hubbard model. In Section VII we use the result of the
previous section to derive an analytic result for the com-
pressibility of the Creutz-Hubbard model which is then
compared to DMRG simulations. In Section VIII the in-
equality between superfluid weight and winding number
is proved. Our results and the future perspectives are
discussed in the last Section.
II. EFFECTIVE HAMILTONIAN FROM THE
SW TRANSFORMATION
A. The model
Here we introduce the class of flat band models with at-
tractive Hubbard interactions defined on a d-dimensional
lattice that are considered in this work. We shall also give
some useful definitions and consider an one-dimensional
example, the Creutz-Hubbard model.
The kinetic part of the tight-binding Hamiltonian Hˆ =
Hˆkin + Hˆint is given by
Hˆkin =
∑
σ=↑,↓
∑
iα,jβ
tσiα,jβ cˆ
†
iασ cˆjβσ , (1)
where, as usual, cˆ†iασ and cˆiασ are the creation and the an-
nihilation operators, respectively, of a fermion with spin
σ at unit cell i and sublattice α. According to Eq. (1)
the number of spin-↑ and spin-↓ particles are separately
conserved. In order to preserve the time-reversal sym-
metry and favor the occurrence of Cooper pairs in the
spirit of Anderson’s theorems,24,25 we take the hopping
matrix (tσiα,jβ) such that the kinetic Hamiltonian is time-
reversal invariant, namely t↑iα,jβ = (t
↓
iα,jβ)
∗, where the
star denotes the complex conjugate. Moreover, we con-
sider models in which the kinetic Hamiltonian has an
isolated flat Bloch band separated from the other bands
by a finite energy gap Egap. Without loss of generality,
we concentrate on the case where the flat band is the
lowest lying band to simplify the notation.
The attractive Hubbard interaction term has the form
Hˆint = −U
∑
iα
nˆiα↑nˆiα↓ , (2)
where nˆiασ = cˆ
†
iασ cˆiασ is the fermionic number operator
and we assume that U > 0.
Occasionally we comment on the corresponding repul-
sive Hubbard model, where by “corresponding”we mean
that the spin-↑ and spin-↓ kinetic Hamiltonians are equal
(t↑iα,jβ = t
↓
iα,jβ) and equal to the spin-↑ kinetic Hamilto-
nian of the attractive model. Thus the corresponding
Hubbard model possess full SU(2) spin rotational sym-
metry. We will see that there is a general duality between
flat band superconductivity in the attractive model and
flat band ferromagnetism in the corresponding repulsive
model.
For the discussion of the interacting problem below,
the Wannier states form a convenient local orthonormal
basis.6,23 The Wannier function of the flat band centered
at the unit cell j is constructed from the Bloch functions
gkσ(α) of the flat band according to
26,27
Wασ(i− j) = Vc
(2pi)d
∫
B.Z.
ddk eik·(ri−rj)gkσ(α) , (3)
where Vc denotes the volume of the unit cell and ri is the
lattice vector corresponding to unit cell i.
It is a well known fact that the Wannier functions are
not uniquely defined because of the gauge freedom of
the Bloch functions. In fact, we can change the Bloch
functions by gkσ(α) → exp(iϕk) gkσ(α), where ϕk is an
arbitrary real function of quasi-momentum k. Below,
when necessary, we discuss the consequences of this gauge
freedom in details.
As an example we shall consider the Creutz ladder,
a one-dimensional model of two cross-linked chains, de-
picted in Fig. 1. The hopping matrix elements for the
spin-↑ fermions are also given in Fig. 1. The band struc-
ture of this model is extremely simple consisting in two
perfectly flat bands at ±2t (Egap = 4t), which allows
to evaluate the interband effects analytically. Moreover,
the Wannier functions of the Creutz model for both the
upper and lower flat band can be chosen to be perfectly
localized on only two adjacent rungs, also shown in Fig. 1.
The lower band Wannier function for the spin-↑ fermions
correspond to the following periodic and analytic Bloch
functions
gk↑(α) =
{
e
ika
2 sin
(
ka
2 +
pi
4
)
for α = 1 ,
e
ika
2 cos
(
ka
2 +
pi
4
)
for α = 2 ,
(4)
where a is the lattice spacing. Note that, from the
time-reversal invariance of the kinetic Hamiltonian, we
have gk↓(α) = [g−k↑(α)]
∗
or, equivalently, Wα↓(i) =
[Wα↑(i)]∗.
B. The effective Hamiltonian
In this subsection we give the framework which we use
to construct an effective low-energy theory for the class
of Hubbard models introduced above. We are interested
mainly in the attractive case, but this framework can be
used in the case of repulsive Hubbard interactions as well.
A simple low-energy theory can be constructed by pro-
jecting the interaction term into the subspace where only
the flat band states are occupied. This is done in practice
by truncating the expansion of field operators in terms of
Wannier orbitals of all bands to retain only the orbitals
4corresponding to the chosen flat band,23 thereby restrict-
ing the Hilbert space to the flat band subspace. However,
one expects interband effects which become more rele-
vant with increasing interaction strength U . To include
these effects, we use the perturbative SW transforma-
tion that allows to take them into account by means of
a low-energy effective Hamiltonian, which involves only
the degrees of freedom of the lowest flat band.28
Let us define the field operators projected in the flat
band as
c¯iασ =
∑
j
Wασ(i− j) dˆjσ , (5)
where Wασ(i− j) is the Wannier function of the flat band
centered at unit cell j and dˆjσ is the annihilation operator
corresponding to this Wannier orbital. Hereafter we drop
the spin index of the Wannier and Bloch functions and
refer to the ones for the spin-↑, that is, Wα(i) ≡Wα↑(i).
By virtue of the orthonormality of the Wannier functions,
namely
∑
iα [Wα(i− j)]∗Wα(i−l) = δj,l , fermionic oper-
ators dˆiσ, dˆ
†
iσ satisfy the canonical anticommutation re-
lations. It is important to note that the projected field
operators satisfy modified anticommutation relations
{c¯iα↑, c¯†jβ↑} = Pα,β(i− j) , {c¯iα↓, c¯†jβ↓} = [Pα,β(i− j)]∗ ,
(6)
where we have introduced the lower band projector de-
fined by Pα,β(i−j) =
∑
lWα(i−l) [Wβ(j− l)]∗. All other
commutation relations are trivial.
Despite the gauge freedom in the definition of the
Wannier functions, the projected field operators given in
Eq. (5) are gauge independent, i.e., they are the same for
any choice of the Wannier function. Indeed, an equivalent
way of defining the projected operators is via the lower
band projector introduced above according to c¯iα↑ =∑
jβ Pα,β(i − j) cˆjβ↑ and c¯iα↓ =
∑
jβ [Pα,β(i − j)]∗ cˆjβ↓.
From the last relations the gauge invariance of the pro-
jected operators becomes explicit, as the projectors are
gauge independent.
From the projected operator given in Eq. (5) we can
define the projected number operator as n¯iασ = c¯
†
iασ c¯iασ.
Accordingly, the projected interaction Hamiltonian be-
comes Hint = −U
∑
iα n¯iα↑n¯iα↓. This low-energy effec-
tive Hamiltonian neglects all interband effects and it de-
scribes the system quite well if the minimum band gap
Egap between the flat band and other bands is much big-
ger then the interaction strength U  Egap. If this con-
dition is not satisfied, one needs to include the effects
from other bands.
Let us denote the second-quantized projection operator
that projects on the subspace of the Hilbert-Fock space
where only the states of the flat band have nonzero occu-
pancy by Pˆ = Pˆ↑Pˆ↓, where Pˆσ is the projector relative
to spin σ. Then the following properties are immediate
from the definitions
Pˆσ c˜†iασ = c˜iασPˆσ = 0 , (7)
where c˜iασ is the field operator projected into the comple-
ment of the flat band subspace, namely c˜iασ = cˆiασ−c¯iασ.
The operator c˜iασ can be expressed by the Wannier or-
bitals of the higher bands similarly to (5). The operators
Pˆσ commute with the flat band field operators c¯iασ, c¯†iασ
and with the operators with opposite spin. It is then
easy to verify that Pˆnˆiα↑nˆiα↓Pˆ = Pˆ↑nˆiα↑Pˆ↑Pˆ↓nˆiα↓Pˆ↓ =
Pˆn¯iα↑n¯iα↓Pˆ, namely the projected interaction operator
Hint is obtained by sandwiching Hˆint with Pˆ. We call
Qˆ = 1− Pˆ the complementary projector. Using the no-
tation of Ref. 28, we define superoperators D(·) and O(·)
acting on a generic operator Xˆ as
D(Xˆ) = PˆXˆPˆ+QˆXˆQˆ , O(Xˆ) = PˆXˆQˆ+QˆXˆPˆ . (8)
The superoperator D(·) extracts the diagonal part of the
operator in the argument, whileO(·) the off-diagonal one.
Therefore, Xˆ = D(Xˆ) + O(Xˆ). Let us define another
superoperator L(·)
L(Xˆ) =
∑
i,j
|i 〉〈 i|O(Xˆ)|j 〉〈 j|
Ei − Ej , (9)
where the labels i, j run over the eigenstates Ei, Ej of the
noninteracting Hamiltonian Hˆkin. Since the matrix ele-
ment 〈i| O(Xˆ) |j〉 is nonzero only if |i〉 belongs to the flat
band subspace and |j〉 to the complementary subspace,
or vice versa, the above sum is well defined. It follows
that L([Hˆkin, Xˆ]) = [Hˆkin,L(Xˆ)] = O(Xˆ).
With the help of the above introduced superoperators,
the effective Hamiltonian up to second order in an ex-
pansion in the coupling constant U reads28
Hˆeff ≈ HˆkinPˆ+ PˆHˆintPˆ+ 1
2
Pˆ[L(Hˆint),O(Hˆint)]Pˆ . (10)
The zero order term is the projected kinetic Hamilto-
nian which is a trivial constant for a flat band, while the
first order term is simply the projected interaction term
Hint = PˆHˆintPˆ = −U
∑
iα n¯iα↑n¯iα↓. Below we will use
this general result for the Creutz-Hubbard model.
III. EXACTNESS OF THE BCS WAVE
FUNCTION AND EMERGENT SU(2)
SYMMETRY
In this Section we prove that the ground state of the
projected attractive interaction Hint for arbitrary filling
the flat band is given exactly by the BCS wave func-
tion. This statement is analogous to the well known fact
that the completely polarized ferromagnetic state is the
ground state for a half-filled flat band in a repulsive Hub-
bard model if the flat band is the lowest lying one29. An
important difference is that in the former case we known
the ground state only of the projected Hamiltonian Hint,
while the latter is a statement regarding the full Hamil-
tonian Hˆ.
5This result generalizes the one relative to bipartite lat-
tices. In a bipartite lattice it is possible to relate a repul-
sive Hubbard model to an attractive Hubbard model by a
particle-hole transformation. Using this transformation
and the Lieb theorem2, it was shown in Ref. 22 that the
completely polarized ferromagnetic state maps into the
BCS wave function, which is then the exact ground state
of the attractive Hubbard model for arbitrary filling of
the flat band. Below we show that the BCS wave function
is the exact ground state in a more general setting.
First, let us define the operator bˆ†0 which creates a
Cooper pair in a plane wave state with zero quasi-
momentum in the flat band
bˆ†0 =
∑
k
dˆ†k↑dˆ
†
−k↓ =
∑
j
dˆ†j↑dˆ
†
j↓ . (11)
The above introduced operator dˆ†kσ creates a fermion
with quasi-momentum k in the flat Bloch band. Note
that the pair creation operator takes the above sim-
ple form only in the flat band limit. Generally, it is
given by bˆ†0 =
∑
k gk dˆ
†
k↑dˆ
†
−k↓, where gk = vk/uk de-
fines the Cooper pair wave function. In the flat band
limit the BCS coherence factors uk = u =
√
1− ν and
vk = v =
√
ν are independent of the quasi-momentum k
and only in this case the second equality in Eq. (11) is
valid. Here ν = N/(2Nc) is the filling of the flat band
with Nc the number of unit cells and N the number of
fermions. Hence, the BCS wave function in the grand
canonical ensemble can be written in the following equiv-
alent forms
|Ω〉 = uNc exp
( v
u
bˆ†0
)
|∅〉 =
∏
j
(
u+ vdˆ†j↑dˆ
†
j↓
)
|∅〉
=
∏
k
(
u+ vdˆ†k↑dˆ
†
−k↓
)
|∅〉 ,
(12)
where |∅〉 is the vacuum containing no fermions. In ex-
panding the exponential in Eq. (12) we have made use of
Fermi statistics, which imply
(
dˆ†jσ
)2
=
(
dˆ†kσ
)2
= 0.
It is straightforward to check that bˆ†0 commutes with
the projected spin operator S
z
iα = (n¯iα↑ − n¯iα↓) /2, i.e.,
[bˆ†0 , S
z
iα] = 0. From this commutation relation one has
that S
z
iα |Ω〉 = 0. Therefore, the BCS wave function |Ω〉
is a zero eigenvector of the positive semidefinite operator
H′int = (U/2)
∑
iα(n¯iα↑ − n¯iα↓)2. Note that, as a con-
sequence of the modified anticommutation relations (6),
n¯2iασ = Pαα(0)n¯iασ, while the usual number operators
satisfy nˆ2iασ = nˆiασ. Using this, one can expand the
square
H′int =
U
2
∑
iα
Pαα(0) (n¯iα↑ + n¯iα↓)− U
∑
iα
n¯iα↑n¯iα↓ .
(13)
The last term in the above equation is precisely the at-
tractive Hubbard interaction, while the first term is in
general a nontrivial orbital-resolved potential. Consider
now the case in which the flat band Bloch/Wannier func-
tions have the same weight on the orbitals were they are
nonzero, which means
nφ = Pαα(0) = Pββ(0)
=
∑
i
|Wα(i)|2 = Vc
(2pi)d
∫
B.Z.
ddk |gk(α)|2 , (14)
in a certain subset α, β ∈ S of orbitals and Pγγ(0) = 0
for γ 6∈ S. Here n−1φ = |S| is the number of orbitals on
which the flat band states have nonvanishing weight and,
equivalently, on which the Cooper pair wave function is
uniformly delocalized. We call the Eq. (14) the uniform
pairing condition. Then the operator H′int reduces to
H′int =
nφU
2
N − U
∑
iα
n¯iα↑n¯iα↓ , (15)
with N =
∑
jσ dˆ
†
jσdˆjσ the projected particle number op-
erator. In this case H′int differs from the projected at-
tractive Hubbard interaction Hint by a trivial term pro-
portional to the particle number operator. Following the
usual argument29 we conclude that the BCS wave func-
tion is the ground state ofHint if the condition in Eq. (14)
is satisfied. The ground state energy is
EBCS
Nc
= (2ε0 − nφU)ν (16)
with ε0 the flat band energy. It is important to note that
this result is only valid asymptotically for small U 
Egap, contrary to the repulsive case. The reason is that
the pair creation operator bˆ†0 commutes only with the
projected spin operator S
z
iα and it does not commute
with the full spin operator Sˆziα. In fact one can show
that [Sˆziα, bˆ
†
0] =
1
2 (c˜
†
iα↑c¯
†
iα↓ − c¯†iα↑c˜†iα↓).
From the Cooper pair creation operator bˆ†0 , we can con-
struct the generators of the emergent SU(2) symmetry
of the projected interaction Hamiltonian which also in-
cludes the usual U(1) particle number conservation sym-
metry. The operators (1/2)(bˆ†0 + bˆ0), (−i/2)(bˆ†0− bˆ0) and
(1/2)[bˆ†0, bˆ0] form the generators of SU(2). Using the
commutator [b†0, [bˆ
†
0, bˆ0]] = −2b†0 , it is straightforward to
check that the three generators given above satisfy the
commutation relations of the su(2) algebra.
A consequence of this symmetry is that the com-
pressibility is diverging; as it also follows from Eq. (16)
and the definition of the inverse compressibility κ−1 =
ν2∂2(EBCS/Nc)/∂ν
2. Moreover, since |Ω〉 is a zero
eigenstate of H′int, one obtains the relation nφ〈niα↑〉 =
nφ〈niα↓〉 = 〈niα↑niα↓〉 between density and double oc-
cupancy (expectation values are here taken on |Ω〉).
Both the results for the energy and the relation between
density and double occupancy have been verified with
DMRG for the Creutz-Hubbard model (nφ = 1/2).
6We mention also that, as a consequence of the uniform
pairing condition (14), the expectation values of the pro-
jected density 〈n¯ασ〉 and of the pairing order parameters
∆α = −U〈cˆiα↓cˆiα↑〉 are constant as a function of α ∈ S
and vanish for α 6∈ S. In particular, the condition of con-
stant ∆iα has been used in Ref. 21 to derive the relation
between superfluid weight and quantum metric.
IV. SPIN CHAIN FORM OF THE EFFECTIVE
HAMILTONIAN
As a next step, we show that it is possible to drop a
large amount of terms in the projected interaction Hamil-
tonian Hint at the same time preserving all of the proper-
ties mentioned above, namely the BCS ground state and
the emergent SU(2) symmetry. The result of this trun-
cation is an effective ferromagnetic Heisenberg model,
where the components of the pseudospin are the creation,
annihilation and occupation operator of a Cooper pair in
a Wannier function. The effective spin model is compu-
tationally much easier to deal with and offers an intuitive
model of a flat band superconductor as a ferromagnet.
The effective Hamiltonian obtained by the projection
technique with Wannier functions is generally given by
Hint = −U
∑
i,j,k,l
Tijkl dˆ
†
i↑dˆ
†
j↓dˆk↓dˆl↑ , (17)
where the coefficients Tijkl can be written in terms of
Wannier functions. In the case of attractive interactions
it is energetically more favorable that fermions with op-
posite spins form a Cooper pair. Hence, we truncate the
projected Hamiltonian to the subspace defined by the
conditions
(
dˆ†i↑dˆi↑ − dˆ†i↓dˆi↓
) |ψ〉 = 0 for every i. In other
words, only the terms in the expansion (17) that preserve
and act nontrivially in this subspace are retained. After
this truncation, the only remaining degree of freedom is
the presence or absence of a Cooper pair in a given Wan-
nier state. This is encoded in the components of the
pseudospin Sˆi defined by
Sˆzi =
1
2
(dˆ†i↑dˆi↑+ dˆ
†
i↓dˆi↓−1), Sˆ+i = dˆ†i↑dˆ†i↓, Sˆ−i = dˆi↓dˆi↑.
(18)
Note that bˆ†0 =
∑
i Sˆ
+
i and the generators of the SU(2)
symmetry given in the previous section correspond to∑
i Sˆ
x
i ,
∑
i Sˆ
y
i and
∑
i Sˆ
z
i , where Sˆ
x
i = (1/2)(Sˆ
+
i + Sˆ
−
i )
and Sˆyi = (−i/2)(Sˆ+i − Sˆ−i ).
Using Eq. (18) we can map the projected Hamiltonian
(after the truncation) into an effective spin model which
is an isotropic ferromagnetic Heisenberg model given by
Hˆspin = −U
∑
i6=j
J(|i− j|) Sˆi · Sˆj (19)
with couplings J(i− j) defined as
J(i− j) =
∑
lα
|Wα(l− i)|2|Wα(l− j)|2 . (20)
The physical content of the spin Hamiltonian (19) is
that the effective spins located at unit cells i and j in-
teract through the density overlap of Wannier functions
centered at unit cells i and j, substantiating the intuition
that the density overlap of Wannier functions is respon-
sible for the superconducting order. The ground state of
the effective spin Hamiltonian is a product state where all
spins are aligned to the same direction. In the language
of the attractive Hubbard model this corresponds to the
BCS wave function (12) where the order parameter is
given by the expectation value ∆i = −U〈Sˆ−i 〉. Moreover,
the spin Hamiltonian is manifestly SU(2) invariant.
The main drawback of the spin Hamiltonian (19) is
that it is not gauge invariant. The above truncation de-
pends on the gauge choice for the Wannier states, namely
on the definition of the operators dˆiσ. Whereas the BCS
ground state and the SU(2) symmetry is correctly re-
produced in any gauge, the choice of gauge affects in a
substantial way the low-energy spectrum of the effective
Hamiltonian. We show in the next section that there is a
preferred gauge choice, the maximally localized Wannier
functions in the Marzari-Vanderbilt sense.30 In this basis
the spin Hamiltonian is the best possible approximation
of Hint in the sense that the gauge invariant result for
the superfluid density obtained in Ref. 21 is recovered.
The subtle point of the gauge noninvariance of the
spin Hamiltonian is very well illustrated in the Creutz-
Hubbard model. As we mentioned before, the Wannier
functions of the Creutz model can be chosen to be per-
fectly localized on a plaquette, see Fig. 1. These plaque-
tte states are in fact the maximally localized Wannier
functions in the Marzari-Vanderbilt sense. If Hint is ex-
panded in annihilation and creation operators of these
plaquette states, pair-breaking and pair-creation terms
subject to truncation are absent, and the mapping from
the projected interaction Hamiltonian to Hˆspin is exact.
However, this is not the case for arbitrary choices of
the Wannier functions. Utilizing the maximally local-
ized lower band Wannier functions of the Creutz model,
we obtain the projected Hamiltonian given by
Hint = −U
4
∑
i
ρˆi↑ρˆi↓ − U
8
∑
i
(ρˆi−1↑ρˆi↓ + ρˆi−1↓ρˆi↑)
− U
8
∑
i
(
dˆ†i−1↑dˆ
†
i−1↓dˆi↓dˆi↑ + H.c.
)
− U
8
∑
i
(
dˆ†i↑dˆi↓dˆ
†
i−1↓dˆi−1↑ + H.c.
)
,
(21)
where ρˆiσ = dˆ
†
iσdˆiσ. Indeed, we see that the above Hamil-
tonian does not mix the subspaces with different num-
ber of pairs, and hence for the Creutz model the above
described truncation is not an approximation. Using
Eqs. (18), we can map the projected Hamiltonian (21)
7into the ferromagnetic XXX chain with Hamiltonian
Hˆspin = −U
4
∑
i
Sˆi · Sˆi+1 . (22)
It is worth mentioning that the spin Hamiltonian (19)
describes also the completely polarized ferromagnetic
state of the corresponding repulsive Hubbard model with
half-filled lowest flat band. As discussed in Section II A
in the case of the repulsive Hubbard model the kinetic
Hamiltonian is spin-isotropic. In this case it is energeti-
cally more favorable that all the Wannier states are only
singly occupied, i.e., we consider the subspace defined by(
dˆ†i↑dˆi↑ + dˆ
†
i↓dˆi↓
) |ψ〉 = |ψ〉. Hence, the only remaining
degree of freedom is the spin and the effective spin of
Eq. (19) coincides with the true spin of the fermions. In
fact the attractive and repulsive flat band models are ex-
actly related by a particle-hole transformation up to first
order in U/Egap, while this mapping is broken by inter-
band transitions. The effective spin Hamiltonian (19)
expresses in a concise way the duality between the ferro-
magnetic and BCS ground states in a flat band.
V. SUPERFLUID WEIGHT FROM SPIN CHAIN
The gauge noninvariance of the spin Hamiltonian (19)
manifests in the fact that the superfluid weight evaluated
from it depends on the choice of the Wannier functions.
On the other hand, in Ref. 21 a gauge invariant result
for the superfluid weight of a flat band in the presence
of an attractive Hubbard interaction has been derived
using mean-field BCS theory. The solution of this incon-
sistency is that, within the spin Hamiltonian approxima-
tion, there exists a preferred gauge choice for the Wannier
functions which allows to obtain a result for the super-
fluid weight as close as possible to the gauge invariant
result of Ref. 21. Specifically, in the following we prove
the inequality
TrD(spin)s ≥ TrDs (23)
between the traces of the superfluid weight tensor D
(spin)
s
obtained from the spin Hamiltonian (19) and the gauge
invariant result of Ref. 21
[Ds]i,j =
4nφUν(1− ν)
(2pi)d~2
∫
B.Z.
ddkReBij(k) , (24)
valid in arbitrary dimension d. Here the Quantum Geo-
metric Tensor (QGT) Bij(k) is defined by
Bij(k) = 2 〈∂kigk| (1− |gk〉 〈gk|)
∣∣∂kjgk〉 , (25)
where gk(α) = 〈α|gk〉 are the flat band Bloch functions.
Moreover, we show that the gauge noninvariant quan-
tity TrD
(spin)
s attains a global minimum if the maximally
localized Wannier functions in the Marzari-Vanderbilt
sense are used. In this preferred gauge the superfluid
weight tensors calculated using the two different methods
coincide in one dimension, while for d ≥ 2 the spin Hamil-
tonian generally overestimates the superfluid weight as
shown by Eq. (23).
Our argument is based on the fact that the superfluid
weight calculated from the spin Hamiltonian is propor-
tional to a functional, called Fov, that measures the de-
gree of overlap between Wannier functions. This func-
tional is similar to the Marzari-Vanderbilt functional,
called FMV, which measures the spread of the Wannier
functions.30 The above results follow from some general
relations between these two functionals whose detailed
proof is given in the Appendix A. Our proof relies on
some assumptions: the first is the uniform pairing con-
dition (14) which is also assumed in Ref. 21 to derive
Eq. (24). Since we have proved that the BCS wave func-
tion is exact in this case, the use of mean-field BCS theory
and thus the result of Eq. (24) are justified. The second
assumption is the existence of a gauge in which the Bloch
functions are periodic and analytic functions of quasi-
momentum, which is equivalent to requiring that the flat
band has zero Chern number(s).31–34 The final assump-
tion is Eq. (A8) which is discussed in Appendix A. All
conditions are verified in the case of the Creutz ladder.
The overlap functional is introduced by considering the
state with finite uniform superfluid current given approx-
imately, for small phase-winding wavevector q, by the
ansatz
|Ω,q〉 =
∏
j
(
u+ e2iq·rjvdˆ†j↑dˆ
†
j↓
)
|∅〉 . (26)
It is easy to verify that 〈Ω,q| Sˆ−j |Ω,q〉 = uve2iq·rj =√
ν(1− ν)e2iq·rj and 〈Ω,q| Sˆzj |Ω,q〉 = (v2 − u2)/2 = ν.
Therefore, the energy change due to the finite phase-
winding with wavevector q is given by
∆E(q) = 〈Ω,q| Hˆspin |Ω,q〉 − 〈Ω,0| Hˆspin |Ω,0〉
= NcUν(1− ν)
(
Fov(2q)[W ]− Fov(0)[W ]
) ≥ 0 .
(27)
Here we have defined the overlap functional for Wannier
functions Fov(q)[W ] which reads
Fov(q)[W ] = −
∑
i,j,α
|Wα(i)|2 |Wα(j)|2eiq·(ri−rj)
= −
∑
i−j
∑
l,α
|Wα(l− i)|2 |Wα(l− j)|2eiq·(ri−rj) .
(28)
We call it the overlap functional since, from the second
line of the above equation, it is apparent that it can
be expressed as the density overlap between the Wan-
nier functions located at unit cells i and j, given by∑
l,α |Wα(l − i)|2|Wα(l − j)|2, summed over all possible
relative position vectors i− j.
We also introduce the Marzari-Vanderbilt localization
functional which differs from the overlap functional only
8by an additional summation
∑
β over the orbitals
FMV(q)[W ] = −
∑
iα
∑
jβ
|Wα(i)|2|Wβ(j)|2eiq·(ri−rj) .
(29)
Properly speaking, the Marzari-Vanderbilt localization
functional is given by ∇2qFMV. Indeed, one has
∇2qFMV(q = 0)[W ] =
∑
iα
∑
jβ
|Wα(i)|2|Wβ(j)|2(ri − rj)2
= 2
[∑
iα
|Wα(i)|2r2i −
(∑
iα
|Wα(i)|2ri
)2]
.
(30)
Upon replacing the summations with integrals
∑
iα →∫
ddr in the last equation, the usual definition of the
Marzari-Vanderbilt localization functional in the contin-
uum case27,30 is recovered. In this sense both Fov and
FMV are “generating functionals” whose expansion in the
wavevector q generates various moments of the Wannier
function density distribution. However, we use the same
name for both (29) and (30) since the object we are re-
ferring to should be clear from the context. The same
applies to the overlap functional.
The main technical results of this section are some
general relations between the two functionals which are
proved in the Appendix A under the conditions stated
above. Let us first introduce the maximally localized
Wannier functions in the Marzari-Vanderbilt sense, de-
noted by Wα(i), that are the global minimizers of the
Marzari-Vanderbilt functional, namely, they satisfy
∇2qFMV(q = 0)[W ] ≤ ∇2qFMV(q = 0)[W ] (31)
for all Wannier functions W obtained from W by a gauge
transformation. The first result is that the maximally
localized Wannier functions in the Marzari-Vanderbilt
sense are in fact global minimizers of the overlap func-
tional as well; in other words,
∇2qFov(q = 0)[W ] ≤ ∇2qFov(q = 0)[W ] . (32)
The second result is the equality, up to the constant fac-
tor nφ defined in Eq. (14), of the second derivatives of
the two functionals calculated on the maximally localized
Wannier functions
∂qi∂qjFov(q = 0)[W ] = nφ∂qi∂qjFMV(q = 0)[W ] . (33)
Note that in general the values of the two functionals are
different if they are calculated using arbitrary Wannier
functions. As consequence of Eqs. (27) and (33) one has
[D(spin)s ]i,j =
1
V ~2
∂qi∂qj∆E(q)
=
4nφUν(1− ν)
Vc~2
∂qi∂qjFMV(q = 0) ,
(34)
where the first equality is the general definition of su-
perfluid weight and the second equality holds only if the
coefficients in the spin Hamiltonian are calculated using
maximally localized Wannier functions. For any other
gauge one obtains the inequality (23) as an immediate
consequence of Eqs. (27), (32) and (34).
The crucial point of Eq. (34) is that the superfluid
weight obtained from the spin Hamiltonian has been re-
lated to the Marzari-Vanderbilt functional which is well-
known to be the sum of a gauge invariant term and a
gauge noninvariant one.27,30 Not by chance, the result of
Eq. (24) can be recovered from the gauge invariant term
of the Marzari-Vanderbilt functional. In fact one has
∂qi∂qjFMV(q = 0) = Ω
I
ij + Ω˜ij where the gauge invariant
term is expressed in term of the QGT as
ΩIij =
Vc
(2pi)d
∫
B.Z.
ddkReBij(k) . (35)
Using Eqs. (34) and (35) one recovers Eq. (24) from the
gauge invariant part ΩIij only, which is a positive semidef-
inite matrix. Also the gauge noninvariant part Ω˜ij is
positive semidefinite, which means that the spin Hamil-
tonian overestimates the superfluid weight of the original
Hubbard model if Ω˜ij 6= 0. However, in one dimension
Ω˜ij = 0 if maximally localized Wannier functions are
used. In general this is not true in d ≥ 2 due to the
noncommutativity of the components of the projected
position operator.30 Also it can be shown that Ω˜ij is not
vanishing in general when the Berry curvature is nonzero.
A concrete example of the above general results is pro-
vided by the Creutz ladder. Indeed, it is easy to verify
that the plaquette states are maximally localized Wan-
nier functions in the Marzari-Vanderbilt sense, and in
this preferred gauge the number of Cooper pairs is a con-
served quantity as shown by Eq. (21). As a consequence
there is no approximation in going from the projected in-
teraction HamiltonianHint to the spin Hamiltonian Hˆspin
and the result D
(spin)
s for the superfluid weight coincides
with Eq. (24). On the other hand, if we had chosen to
perform the truncation in any other gauge, we would have
obtained a superfluid weight which is strictly larger than
the correct one as it can be seen from Eq. (23) and the
results of Appendix A.
We now summarize the results of this section and
comment on their significance. The first result is that
the approximation underlying the spin effective Hamil-
tonian (19) is justified at least in one dimension, since
the result of Eq. (24) is reproduced exactly. This means
that the spin Hamiltonian is not only able to capture the
correct ground state, but also low-lying excited states. In
higher dimensions this approximation is justified only if
Ω˜ is significantly smaller than ΩI in some sense. In par-
ticular, we anticipate that effects due to the Berry cur-
vature, which are absent in one dimension, may play an
important role and the low-energy effective Hamiltonian
may differ substantially from Eq. (19). This is reflected
in that we have purposefully avoided the case of nonzero
9Chern number which is the result of a nonzero average
Berry curvature.
As a second important result, we believe we have pro-
vided a good understanding of the reason why the quan-
tum metric (the real part of the QGT) enters in the result
of Eq. (24) for the superfluid weight of a flat band. The
physical mechanism for transport in a flat band is the cor-
related hopping of Cooper pairs induced by the Hubbard
interaction between Wannier functions with finite density
overlap. This picture is nicely captured by the effective
Hamiltonian (19). We emphasize, though, that the gauge
invariant part of the Marzari-Vanderbilt functional mea-
sures the spread of the Wannier functions and not their
overlap. As we have proved, under some conditions the
two distinct functionals measuring spread and overlap of
Wannier functions, respectively, are equivalent, but this
may not be true in general. Better insight into this mat-
ter can be gained by studying specific models which do
not satisfy the conditions required for the validity of the
relations (32) and (33) between the overlap and spread
functionals.
Finally, we have provided a clean example where it
is necessary to employ a specific preferred gauge for
the Wannier functions in order to obtain a good ap-
proximation for the low-energy Hamiltonian. Very of-
ten the maximally localized Wannier functions in the
Marzari-Vanderbilt sense are used to derive simplified
model Hamiltonians from electronic structure calcula-
tions. This is a generally accepted heuristic prescription,
but we have shown here that there are some rigorous
underlying constrains behind it, in our case the mini-
mization of an observable quantity such as the superfluid
weight.
VI. SECOND ORDER CORRECTIONS TO THE
EFFECTIVE HAMILTONIAN AND FINITE
COMPRESSIBILITY
Contrary to the repulsive case for which the completely
polarized ferromagnetic state is the exact ground state
for any value of U if the half-filled flat band is the lowest
band, in the attractive case the BCS wave function is
the exact ground state of the effective Hamiltonian (10)
only up to the first order term. As we shall see now the
second order term in the expansion leads to a breaking of
the emergent SU(2) symmetry. It is convenient to study
the breaking of the emergent symmetry in the specific
case of the Creutz model which is particularly simple.
However, this is a general fact, since this symmetry is
not present in the generic model under consideration.
The off-diagonal part, as defined in Eq. (8), of the in-
teraction term can be written as
O(Hˆint) = Aˆ↑ + Aˆ↓ + Bˆ + H.c. (36)
Aˆσ = −U
∑
iα
c˜†iασ c¯iασn¯iασ¯Pˆ , (37)
Bˆ = −U
∑
iα
c˜†iα↑c¯iα↑c˜
†
iα↓c¯iα↓Pˆ , (38)
where σ¯ =↓ if σ =↑ and viceversa. The operators Aˆσ, Bˆ
introduced above correspond to virtual processes where
one particle with spin σ or two particles with opposite
spins are excited to the upper band, respectively. Then
the second order term in the expansion of the effective
Hamiltonian (10) reads
Hˆ(2)eff =
1
2
Pˆ[L(Hˆint),O(Hˆint)]Pˆ = −
Aˆ†↑Aˆ↑
Eg
− Aˆ
†
↓Aˆ↓
Eg
− Bˆ
†Bˆ
2Eg
.
(39)
In this last result we have made crucial use of the fact
that the upper band of the Creutz ladder is also flat. For
a generic lattice Hamiltonian with flat bands the compu-
tation of the second order term is more involved.
In order to compute the expansion of the products
Aˆ†σAˆσ, Bˆ
†Bˆ in terms of Wannier operators the following
identity is useful
Pˆ c˜iασ c˜†jβσPˆ = [δαβδi,j − Pσα,β(i− j)]Pˆ . (40)
Recall that we impose time-reversal symmetry in the
attractive Hubbard model which implies P ↑αβ(i − j) =
[P ↓αβ(i− j)]∗ = Pαβ(i− j). Using Eq. (40) we obtain
Aˆ†σAˆσ =
U2
4
∑
i,α
n¯iα↑n¯iα↓Pˆ − U
2
64
∑
i
[ ρˆi↑ρˆi↓ + ρˆi−1σρˆi−1σ¯ρˆiσ¯ + ρˆi−1σ¯ρˆiσρˆi+1σ¯ + ρˆi−1σ¯ρˆiσρˆiσ¯
+ dˆ†i+1σdˆ
†
i+1σ¯dˆi−1σ¯dˆi−1σ(1− ρˆiσ¯) + dˆ†i+1σdˆ†i+1σ¯dˆiσ¯dˆiσ(1 + ρˆi−1σ¯) + dˆ†iσdˆ†iσ¯dˆi−1σ¯dˆi−1σ(1 + ρˆi+1σ¯)
− dˆ†i+1σdˆi−1σdˆ†i−1σ¯dˆi+1σ¯ρˆiσ¯ − dˆ†iσdˆi−1σdˆ†i−1σ¯dˆiσ¯ρˆi+1σ¯ − dˆ†i+1σdˆiσdˆ†iσ¯dˆi+1σ¯ρˆi−1σ¯ + H.c. ] ,
(41)
Bˆ†Bˆ =
U2
4
∑
i,α
n¯iα↑n¯iα↓Pˆ + U
2
64
∑
i
( ρˆi↑ρˆi↓ + 2dˆ
†
i↑dˆ
†
i↓dˆi−1↓dˆi−1↑ + dˆ
†
i+1↑dˆ
†
i+1↓dˆi−1↓dˆi−1↑ + H.c. ) . (42)
Second order processes give rise to three-site terms in the effective Hamiltonian, such as three-site density interac-
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tion in the first line of Eq. (41), correlated pair hopping
in the second line of Eq. (41) and correlated exchange
interaction in the third line of Eq. (41). It is interest-
ing that even at second order the number of pairs is
a conserved quantity, therefore the exchange terms can
dropped in the attractive case and the effective Hamil-
tonian takes again the form of a spin Hamiltonian with
pseudospin operator given by Eq. (18). We do not know
if this is the case even at higher orders and if the number
of pairs is an exact conserved quantity of the full model.
The breaking of the SU(2) symmetry is evident in Bˆ†Bˆ
which produces only two-site operators such as pair hop-
ping. The pair hopping is not compensated by any term
of the form ρˆi−1↑ρˆi↓ , and hence the resulting spin chain
is an easy-plane ferromagnet. The most important con-
sequence is that the divergent compressibility becomes
finite as shown in the following Section. Only the Bˆ†Bˆ
term gives rise to a finite compressibility.
VII. COMPRESSIBILITY
In Section III we showed that in the attractive case
the BCS state is the exact ground state of the first or-
der term of the effective Hamiltonian (10) with energy
E(1)/L = (2ε0 − Unφ)ν, where L denotes the number of
rungs (unit cells) in the ladder, and for the Creutz ladder
n−1φ = 2. The second order correction to the ground state
energy can be easily obtained by calculating the expec-
tation value 〈Ω| Hˆ(2)eff |Ω〉, where |Ω〉 is given by Eq. (12).
Below all the expectation values are calculated in this
state. It is straightforward to check the following expec-
tation values of single-site operators
〈ρˆi↑ρˆi↓〉 = 〈ρˆiσ〉 = v2 = ν , (43)
〈dˆ†j↑dˆ†j↓〉 = 〈dˆj↓dˆj↑〉 = uv =
√
ν(1− ν) , (44)
〈dˆ†jσdˆjσ¯〉 = 0 . (45)
Due to the fact that the BCS wave function |Ω〉 in the
grand canonical ensemble is a product state, the expec-
tation values of operators acting on multiple sites can be
expressed in terms of the above ones. For example,
〈ρˆi−1↑ρˆi↓ρˆi+1↑〉 = 〈ρˆi−1↑〉〈ρˆi↑〉〈ρˆi+1↑〉 = ν3 , (46)
〈dˆ†i−1↑dˆ†i−1↓dˆi↓dˆi↑ρˆi+1↓〉
= 〈dˆ†i−1↑dˆ†i−1↓〉〈dˆi↓dˆi↑〉〈ρˆi+1↑〉 = ν2(1− ν) .
(47)
With the above expectation values we are now in a posi-
tion to evaluate the expectation values of the operators
A†σAσ and B
†B. From Eq. (41) we obtain that 〈A†σAσ〉 =
0 and the only nonvanishing contribution comes from
Eq. (42) and it is given by 〈B†B〉/L = U2ν/4−3U2ν2/32.
Hence, from Eq. (39) the ground state energy of the sys-
tem up to second order is
E(2)
L
=
(
2ε0 − U
2
− U
2
8Egap
)
︸ ︷︷ ︸
cSW1
ν +
3U2
64Egap︸ ︷︷ ︸
cSW2
ν2. (48)
The term quadratic in the filling ensures a finite com-
pressibilty since κ−1 ∝ ν2∂2E/∂ν2. Note that the above
expression of the ground state energy is valid in the ther-
modynamic limit, where L → ∞. The coefficients of
the linear term and quadratic term in ν in Eq. (48) are
denoted by cSW1 and c
SW
2 , respectively.
We use DMRG35–38 simulations to find the ground
state energy of the original Hubbard model on ladders of
length up to L = 26 with periodic boundary conditions.
We typically keep up to M = 2000 states and check the
convergence with respect to M . For a fixed length L we
measure the ground state energy EL(ν) of the system for
different densities ν and by fitting a quadratic function
EL(ν)/L = c1(L)ν + c2(L)ν
2 we extract the coefficients
c1(L) and c2(L). Now by applying this procedure for
increasing values of L, we can see that c1(L) and c2(L)
have a power law dependence on 1/L, which allows us to
extrapolate this dependence and find the infinite length
values c∞1 and c
∞
2 . Then these extrapolated values we
can compare to the coefficients cSW1 and c
SW
2 of Eq. (48)
calculated analytically.
In Fig. 2 we plot in log-log scale the difference of
c1(2)(L) and the extrapolated infinite system size value
c∞1(2) versus 1/L. These plots clearly show that we have
a power law dependence. Moreover, in the legends we
give a direct comparison of the extrapolated infinite sys-
tem size values of the coefficients c∞1(2) with the values
cSW1(2) obtained from effective model. From these num-
bers one can see that the effective model and the DMRG
simulations with high accuracy give the same energy de-
pendence. With the increase of the interactions strength
U , the small difference between the values of c∞2 and c
SW
2
grows approximately from 2.5% (for −U = −0.3) to 4.5%
(for −U = −1.0). This difference is a result of higher or-
der interband effects, which become more relevant for a
large interaction strength U .
VIII. RELATION BETWEEN WINDING
NUMBER AND SUPERFLUID WEIGHT
Using Eq. (24) and the positive semidefinitness of the
QGT it has been shown in Ref. 21 that in two dimensions
a flat band with nonzero Chern number is guaranteed
have a finite superfluid weight with the bound Ds ≥ |C|,
in appropriate units. In this Section we derive a similar
bound in one dimension and show that a flat band with
non-zero winding number has finite Drude weight D. In
one dimension the superfluid weight is not defined and it
is better to use the Drude weight instead, which measure
the ability of the system to sustain ballistic transport.
The Drude weight and the superfluid weight are equal in
gapped systems in d ≥ 2.
Let us consider a general one-dimensional system
with chiral symmetry represented by a unitary opera-
tor Γ, which anticommutes with the Bloch Hamiltonian
{Γ,H(k)} = 0. The presence of a gap in the band
structure allows to deform the Bloch Hamiltonian H(k)
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FIG. 2. (Color online) The power law dependence of c1(L)
(top plot) and c2(L) (bottom plot) on 1/L plotted in log-
log scale. The dots represent the DMRG results the lines
correspond to fitted function. Different colors correspond to
different values of the interaction U . Here, we set t = 1.
In the legends the values of c∞1(2) and c
SW
1(2) are presented for
direct comparison.
adiabatically into a flat band Hamiltonian defined as
h(k) = Qk − Pk, where Pk and Qk = 1 − Pk are the
projectors to the subspace of the bands below and above
the gap, respectively. Then a topological invariant for the
system known as the winding number is given by39,40
W = i
4pi
∫
B.Z.
dkTr [Γh(k)∂kh(k)] (49)
=
i
pi
∫
B.Z.
dkTr (ΓPk∂kPk) , (50)
where the last equality was obtained by using h(k) =
1−2Pk and the fact that the integral of the full derivative
term ∂k [Tr (ΓPk)] over the Brillouin zone vanishes.
The QGT defined in Eq. (25) can be written al-
ternatively as Bij(k) = 2 Tr
[Pk∂kiPk∂kjPk] and in
1D it becomes a real valued scalar function B(k) =
2 Tr
[
Pk (∂kPk)2
]
. Using the cyclicity of the trace, the
properties P2k = Pk and P†k = Pk of the projector
and by inserting ΓΓ† one can easily verify that B(k) =
2 Tr
[Pk(∂kPk)2] = 2 Tr[A†kAk] with Ak = ΓPk∂kPk.
Note that the integrand of Eq. (50) is equal to Tr(Ak).
Let M be the integral of the QGT over the Brillouin
zone defined by
M = 1
api
∫
B.Z.
dk B(k) , (51)
where the factor 1/api is for convenience and a is the
lattice constant. Now we can prove the following lower
bound for M
M = 2
api
∫
B.Z.
dk Tr(A†kAk)
≥ 2
api rk(Ak)
∫
B.Z.
dk |Tr(Ak)|2
≥ 1
rk(Ak)pi2
∣∣∣∣∫
B.Z.
dkTr (ΓPk∂kPk)
∣∣∣∣2 ≥ W2rk(Pk) .
(52)
Above in the first step we have used the fact that for any
n×n matrix A the inequality Tr(A†A) ≥ |Tr(A)|2/ rk(A)
holds,41 where rk(A) denotes the rank, and then we have
used a special case of Schwartz’s inequality. In the last
step we have used the definition of the winding number
given in Eq. (50) and that rk(Ak) ≤ rk(Pk). Note that
rk(Pk) is equal to the number of bands below the gap
and obviously does not depend on k.
Since the Drude weight D is given by Eq. (24) in any
dimension, including d = 1 where the superfluid weight
is not defined, we conclude that in the flat band limit
the lower bound D ∝ M ≥ W2/ rk(Pk) holds. This
bound implies that in 1D a topological nontrivial flat
band (W 6= 0) has a guaranteed finite Drude weight for
finite attractive interaction.
For the Creutz ladder the chiral symmetry is repre-
sented by the Pauli matrix σ2. Since there is only one
band below the gap we have rk(Pk,C) = 1. This means
that according to above bound we have MC ≥ (WC)2.
Using the Bloch functions in Eq. (4), one can easily check
that BC(k) = a2/2 and Tr (σ2Pk,C∂kPk,C) = −ia/2.
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Form Eq. (50) we obtain WC = 1 and from Eq. (51)
we getMC = 1. Hence, for the Creutz ladder the actual
value ofM coincides with the lower bound, and we have
that the inequality is saturated, i.e., MC = (WC)2.
IX. DISCUSSION AND CONCLUSION
In this work we have provided some definite results
that help in characterizing the low-energy physics of at-
tractive Hubbard models in flat bands. Some results are
also relevant for the repulsive case at half-filling in the
context of flat band ferromagnetism. The first important
conclusion is that under the condition of uniform pairing
in the flat band orbitals given in Eq. (14) the BCS wave
function is the exact zero temperature ground state at
the level of the projected interaction Hamiltonian. This
result justifies the use of mean-field theory in Ref. 21
where the relation (24) between superfluid weight and
QGT has been derived and extends similar results valid
only for bipartite lattices22 and Landau levels.21 It is an
interesting question to understand what happens if the
uniform pairing condition is violated. In fact in many flat
band models this condition is satisfied due to symmetry
reasons, such as in the Creutz ladder, the Lieb lattice,
Kagome lattice and Landau levels, but it is also easy to
construct realistic models where it is not.
We note that it is trivial to prove that the ferromag-
netic ground state is exact in a repulsive spin-isotropic
Hubbard model if the flat band is half-filled and is the
lowest lying band. Our result is more subtle since the
BCS ground state is not exact anymore if higher order
terms in the SW expansion are included and it is not the
exact ground state of the full Hamiltonian, even if the
flat band is the lowest lying band. Indeed, at first order
in U , the attractive and repulsive cases are related by
a duality that takes the form of a particle-hole transfor-
mation. This duality is broken if interband transitions
are taken into account, as we show explicitly by comput-
ing the second order term in the SW expansion for the
effective Hamiltonian.
We show that the asymptotic exactness (for small U)
of the BCS wave function is the manifestation of on emer-
gent SU(2) symmetry and give the corresponding gener-
ators. This SU(2) symmetry corresponds to the SU(2)
spin symmetry in the repulsive case and implies that
the compressibility of the system is diverging since the
ground state energy is linear in the flat band filling ν.
This is very useful result in the context of ultracold gas
experiments since the compressibility is routinely mea-
sured.
Due to the breaking of the emergent SU(2) symmetry
by interband transitions, the compressibility is in fact fi-
nite and positive as we show explicitly in the case of the
Creutz-Hubbard model, by calculating the ground state
energy up to the second order term in U . Indeed, the
compressibility decreases if the coupling constant of the
attractive interaction decreases −U → −∞. In many
other fermionic system the behavior is rather different
since the compressibility increases if the interaction be-
comes more attractive. It would be interesting to under-
stand if this persists at nonzero temperature in order to
make comparison with ultracold gas experiments.
A byproduct of our proof of the asymptotic exactness
of the BCS wave function is the relation nφ〈n¯iα↑〉 =
nφ〈n¯iα↓〉 = 〈n¯iα↑n¯iα↓〉 between local density and double
occupancy and nφ is the parameter defined in Eq. (14).
This result can be tested in ultracold gas experiments,
for example, with site-resolved imaging, and should be
valid even at quite high temperatures.
We have shown how from the projected interaction
Hamiltonian Hkin many terms can be dropped result-
ing in an effective ferromagnetic Heisenberg Hˆspin model
which is a very convenient approximation computation-
ally and offers an intuitive model of a flat band superfluid
as a ferromagnet. This approximation is justified since
many exact properties are preserved such as the exact-
ness of the BCS wave function and the emergent SU(2)
symmetry, while the major drawback is that the invari-
ance under gauge transformations of the Wannier func-
tions is broken. We provide at least a partial solution to
this problem by noticing that in the preferred gauge of
maximally localized Wannier functions the gauge invari-
ant result for the superfluid weight of Ref. 21 is recovered
in one dimension. In higher dimensions the result is in
general larger than the gauge invariant one of Ref. 21
since the gauge noninvariant term Ω˜ of the Marzari-
Vanderbilt localization functional is nonzero even when
calculated on the maximally localized Wannier functions.
It has been recently proved that the Marzari-Vanderbilt
localization functional is finite if and only if the band
has zero Chern number.34 This means that the approxi-
mation leading to the spin Hamiltonian in Eq. (19) fails
in the case of bands with nonzero Chern number, a case
which we have not discussed in this work and is a very
interesting subject for future research. Also the case of a
flat band with zero Chern number but large Berry curva-
ture is interesting since in this case Ω˜ is large as well and
the spin Hamiltonian (19) is probably not a very good
approximation.
Our results are relevant for the general problem of es-
timating the critical temperature of the superconducting
transition. Notice that the BCS wave function in a flat
band is identical to the one in the strong coupling limit
U/t→ +∞ (t is the hopping energy scale) with the differ-
ence that in the flat band the Cooper pair wave function
coincides with the the Wannier function and is delocal-
ized on n−1φ orbitals, while in the strong coupling limit
the Cooper pair is localized on a single orbital. Indeed,
it is well known that the strong coupling limit can be
treated with the SW transformation as an expansion in
the parameter t/U which is essentially the inverse of the
parameter U/Egap employed here. Similarly to the strong
coupling limit, the critical temperature is controlled by
the collective fluctuations and the relevant energy scale
is ∼ ~2Ds. In the flat band one has ~2Ds ∝ U , while
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in the strong coupling limit ~2Ds ∝ t2/U . The effec-
tive Hamiltonian at the leading order is in both cases an
isotropic Heisenberg ferromagnet with the difference that
in the strong coupling limit the range of the ferromag-
netic couplings coincides with the range of the hopping
terms in the kinetic Hamiltonian while they can be long-
ranged in the flat band limit. If the flat band is inter-
sected by other bands, as in the case of the Lieb lattice22
and kagome lattice,23 or has nonzero Chern number, the
Wannier functions are algebraically decaying to the ex-
tent that the Mermin-Wagner theorem may not be appli-
cable and long range order can appear in dimension two
even in the presence of a continuous symmetry. These
considerations give an idea of the subtleties involved in
providing reliable estimates of the critical temperature in
flat band systems.
Some of the results provided here are of more general
interest, beyond the topic of flat band superconductivity.
The same effective spin Hamiltonian (19) is the first order
term in the SW expansion for a spin-isotropic repulsive
Hubbard model with half-filled flat band, and is there-
fore the low-energy theory of a flat band ferromagnet. In
particular, this shows that the QGT plays a crucial role
also for flat band ferromagnets, in which case the quan-
tity corresponding to the superfluid weight is the spin
stiffness. This has not been realized so far and it is an in-
teresting topic for further investigations. Other results of
general interest are the inequalityM≥W2 between the
quantum metric and the winding number, and the various
relations between the overlap functional and the Marzari-
Vanderbilt localization functional, which may find appli-
cations in other contexts. In particular, we believe that
inequalities between quantum metric and the rich variety
of topological invariants known so far can be found, simi-
larly to what has been done here for the one-dimensional
winding number and in previous works for the Chern
number.
A promising way to verify our results would be via
transport measurements in cold atom experiments, as
pioneered in Ref. 42. Furthermore, for a tangible ex-
perimental realization of the Creutz ladder, we refer the
reader to Refs. 43 and 44 and the recent advances in im-
plementing artificial magnetic fields for neutral atoms in
synthetic dimensions.45–49
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Appendix A: Relations between the overlap and
Marzari-Vanderbilt functionals
Before providing a proof of Eqs. (32) and (33), we
present other relations between the the two functionals
for completeness. The two functionals can be identified
up to the constant factor nφ for arbitrary values of q if
the condition
|Wα(i)|2 = |Wβ(i)|2 for every α, β, i , (A1)
is satisfied. For example, the above equation holds if the
orbital Wα(i) is the plaquette state of the Creutz ladder.
However, even in the Creutz ladder this condition does
not hold for arbitrary gauge choices, and therefore is not
useful for our purposes. On the other hand by using the
elementary inequality
∑n
α=1 |vα|2/n ≥ |
∑n
α=1 vα/n|2 it
is easily shown that
Fov(q)[W ] ≤ nφFMV(q)[W ] . (A2)
Here n−1φ is simply the number of α’s for which Wα(i) 6= 0
and is not defined by the condition (14), which is not nec-
essary for the above inequality to hold. Eq. (A2) provides
a strong inequality but in the wrong sense and again it
is not useful in this context.
The proof of Eqs. (32) and (33) relies on the following
relation between Wannier functions and Bloch functions
∑
i
|Wα(i)|2eiq·ri = Vc
(2pi)d
∫
B.Z.
ddk g∗k+q(α)gk(α) ,
(A3)
which is readily derived from the definition of Wan-
nier functions given in Eq. (3). Accordingly, we write
Fov(q)[g] and Fov(q)[g] to the denote that the these
are functionals of the Bloch functions gk(α) correspond-
ing to the Wannier functions Wα(i). Moreover, we de-
note by g¯k(α) the Bloch functions corresponding to the
maximally localized Wannier functions in the Marzari-
Vanderbilt sense Wα(i).
In the following we assume that the Bloch functions are
analytic and periodic functions of the quasi-momentum
k. This allows in particular to perform integration by
parts and drop full derivatives which integrate to zero
over the whole Brillouin zone. In general it is not possi-
ble to find an analytic and periodic gauge if the Chern
numbers in d ≥ 2 are nonzero,31,34 while in d = 1 this
is always possible.52,53 For the Creutz model the smooth
and periodic Bloch functions are given in Eq. (4). In
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what follows we restrict to the case of bands with zero
Chern numbers.
Let us first insert Eq. (A3) into the definition of the
overlap and Marzari-Vanderbilt localization functionals
given in Eqs. (28) and (29), respectively, and take the
Laplacian ∇2q. After integration by parts we are left with
∇2qFov(q = 0)[g] =
2Vc
(2pi)d
∑
α
Pαα(0)
∫
B.Z.
ddk∇g∗k(α) ·∇gk(α)− 2
∑
α
|θα|2 , (A4)
∇2qFMV(q = 0)[g] =
2Vc
(2pi)d
∫
B.Z.
ddk 〈∇gk| · |∇gk〉 − 2|θ|2 . (A5)
The second terms on the right hand sides of Eqs. (A4)
and (A5) depend on the quantities
θα = −i Vc
(2pi)d
∫
B.Z.
ddk g∗k(α)∇gk(α) , (A6)
θ = −i Vc
(2pi)d
∫
B.Z.
ddk 〈gk|∇gk〉 = Vc
(2pi)d
∫
B.Z.
ddkA(k) .
(A7)
Eq. (A7) is known as the Zak phase (up to normaliza-
tion) while the θα in Eq. (A6) are orbital-resolved Zak
phases whose sum give the Zak phase θ =
∑
α θα. The
Zak phase can be expressed in terms of the Berry con-
nection A(k) = −i 〈gk|∇gk〉 as shown in Eq. (A7). The
Zak phase is gauge invariant up to shifts by an arbitrary
lattice vector. Indeed, a generic gauge transformation
gk → eiφkgk that preserves periodicity and analyticity is
given by a phase of the form φk = k · rl + φ¯k, where rl
is an arbitrary lattice vector and φ¯k a periodic analytic
function, namely φ¯k = φ¯k+Gj for all reciprocal lattice
vectors Gj . The nonperiodic part of the phase φk corre-
sponds to a rigid translation of the Wannier function by
the lattice vector rl. Under this transformation the Zak
phase θ transforms as θ → rl + θ. Instead the orbital-
resolved Zak phases θα depend on the choice of gauge for
the Bloch functions.
We now restrict ourselves to the case where Eq. (14)
holds and let us further assume that
θα = θβ for α, β ∈ S , (A8)
when the orbital-resolved Zak phases are calculated
on the maximally localized Wannier/Bloch functions,
namely θα = −i Vc(2pi)d
∫
B.Z.
ddk g∗k(α)∇gk(α). This is the
case of the Creutz ladder where θα=1 = θα=2 = a/4.
Eq. (A8) is the second requirement mentioned previously
that allows to derive Eqs. (32)-(33). Indeed, by inserting
Pαα(0) = nφ and θα = nφθ into Eq. (A4) and comparing
with Eq. (A5), one immediately obtains
∇2qFov(q = 0)[W ] = nφ∇2qFMV(q = 0)[W ] . (A9)
The same argument can be straightforwardly adapted to
prove Eq. (33). To prove that the Wannier functions
are global minimizers of the overlap functional let us add
and subtract a term nφ
2Vc
(2pi)d
∫
B.Z.
ddk |A(k)|2 in Eq. (A4)
and write arbitrary Bloch functions as gk = e
iφkgk . This
leads to
∇2qFov(q = 0)[g] = nφ
Vc
(2pi)d
∫
B.Z.
ddkTrB(k) + nφ 2Vc
(2pi)d
∫
B.Z.
ddk |A(k)|2 − 2
∑
α
|θα|2
= nφ∇2qFMV(q = 0)[g] + nφ
2Vc
(2pi)d
∫
B.Z.
ddk |∇φk|2 − 2
∑
α
(
Vc
(2pi)d
∫
B.Z.
ddk |gk(α)|2∇φk
)2
.
(A10)
In order to derive the above equation we have used again the conditions in Eq. (14) and Eq. (A8) and the fact
that the Berry connection calculated on the maximally localized Bloch functions is a divergence-free vector field
∇ ·A(k) = 0 , as it can be easily shown by varying the Marzari-Vanderbilt functional. Note that the above functional
is quadratic in ∇φk. Moreover, using the inequality
Vc
(2pi)d
∫
B.Z.
ddk
|gk(α)|2
nφ
|f(k)|2 ≥
∣∣∣∣ Vc(2pi)d
∫
B.Z.
ddk
|gk(α)|2
nφ
f(k)
∣∣∣∣2 (A11)
valid for arbitrary functions f(k), one can see from Eq. (A10) that the maximaly localized Wannier functions in the
Marzari-Vanderbilt sense correspond to a global minimum of the overlap functional, and thus Eq. (32) is proved.
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